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Abstract
We give a higher-spin generalization of the anomaly method for the Hawking radiation
from black holes. In the paper [13] higher-spin generalizations of the gauge (and grav-
itational) anomalies in d=2 were obtained. By applying these anomalies to black hole
physics, we derive the higher moments of the Hawking fluxes. We also give a higher-spin
generalization of the trace anomaly method by Christensen and Fulling [12].
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1 Introduction
Hawking radiation is a universal quantum effect which arises in the background spacetime
with event horizons [1, 2]. The radiation is essentially originated from the causal structure
of the event horizon and the quantum behavior of fields around it. Such universal be-
havior is emphasized in the recent derivation of Hawking radiation based on gravitational
anomaly [3]. One of the key observations is that near the horizon, due to the infinite
blue shift, ordinary matter fields in the black hole backgrounds behave as if they are an
infinite set of massless two-dimensional fields, and the causal structure of the horizon
makes the two-dimensional fields effectively chiral at the horizon. i.e. the ingoing modes
(which can be interpreted as left moving modes) can be classically decoupled from the
outside region of the horizon. Chiral theories suffer from gravitational anomalies. Since
the underlying theories must be covariant, they should be cancelled by the quantum effect
of classically irrelevant ingoing modes at the horizon. The requirement of the anomaly
cancellation leads to the existence of the Hawking energy-flux from the black hole in the
Unruh vacuum [4]. This method was, after correcting some errors in the original proce-
dure∗, generalized to charged black holes [5], and further applied to rotating black holes
[6, 7] and others [8, 9].
The anomaly method, so far, could obtain only partial information of Hawking ra-
diation because the gravitational and gauge anomalies contain only the information of
fluxes of energy and charge. These fluxes correspond to the zero-th and first moments
of the thermal distribution of radiation, and in order to obtain the full information, we
need to calculate all the other higher moments. In [10], by using conformal field theory
technique, we calculated fluxes of higher-spin (HS) currents in a Schwarzschild black hole.
They correspond to the higher-moments of Hawking radiation and the complete thermal
distribution is reproduced. In this calculation we have used transformation properties of
HS currents under conformal transformations, which relate quantities near the horizon
with those at infinity. This method was further generalized to charged black holes by
considering gauge transformations in addition to the conformal transformations [11]. It
is, however, not a direct generalization of the anomaly method and the relation to the
previous approaches such as the anomaly method [3, 5] or the method by Christen and
Fulling [12] was not clear.
∗It is explained in the appendix [8] why the original procedure in [3] does not work for charged or
rotating black holes
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In this paper, by using the generalizations of gauge (and gravitational) anomalies in
d=2 [13], we show that we can reproduce the higher-spin fluxes of Hawking radiation for
spin 3 and spin 4 currents constructed from fermions. This is the direct generalization
of the anomaly method [3, 5]. We also show that by solving the conservation equations
and trace anomalies for spin 3 and 4 currents, we can again reproduce the same fluxes.
It is a HS generalization of the trace anomaly method by Christensen-Fulling [12]. These
calculations can be straightforwardly extended to higher spins than 4, but they become
very complicated. Instead of it, we show how we can obtain the asymptotic and near-
horizon behavior of HS currents by using the results in [13].
The organization of the paper is as follows. In section 2, we first summarize the
results of higher-spin gauge and trace anomalies obtained in [13]. In section 3, we use
the results of HS gauge anomalies (up to spin 4) to reproduce the higher spin fluxes of
Hawking radiation. Then in section 4, we give a direct generalization of the method by
Christensen and Fulling. Finally, by using the relations between holomorphic currents
and covariant currents in [13], we reproduce the asymptotic and near horizon behavior
of the HS currents, and obtain the full thermal spectrum of Hawking radiation. These
derivations clarify some points which were obscure in the previous papers [10, 11].
2 Higher-spin gauge and trace anomalies
In this section, we briefly summarize anomalies for higher-spin currents obtained in [13].
We consider a two-dimensional system with cL left-handed and cR right-handed fermions
in the electric and gravitational backgrounds. If cL 6= cR, the gauge and the general
coordinate invariance are broken due to the gauge and gravitational anomalies. In the
paper [13], we showed that the higher-spin gauge currents constructed from the fermions
also receive quantum anomalies in such chiral theories. Since we are here interested in
the application to the Hawking radiation from charged black holes, it is sufficient to know
higher-spin generalizations of the gauge (or gravitational) anomalies in the electric and
the gravitational backgrounds, i.e. no HS gauge field backgrounds are necessary.
For the U(1) current, it is well known that the gauge and chiral anomalies are given
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by
∇µJ
µ = −
(cR − cL)
2
~
2π
ǫµνFµν , (2.1)
∇µJ
5µ =
(cL + cR)
2
~
2π
ǫµνFµν . (2.2)
(2.1) is the gauge anomaly of the covariant current in d=2.
In the case of the energy-momentum (EM) tensor, we have the gravitational and trace
anomalies,
∇µTµν =FµνJ
µ −
~
48π
cR − cL
2
ǫµν∇
µR, (2.3)
T µµ =
~
24π
cL + cR
2
R. (2.4)
This is the covariant form of the gravitational anomaly for the covariant EM tensor. The
first term of the r.h.s. in (2.3) is classical violation of the matter energy momentum tensor
in the electric background by the coupling between the charge current J and the electric
field E. This term arises because the electric background transforms under the general
coordinate transformations.
These anomalies for the U(1) current and the EM tensor are usually calculated by the
diagrammatic method or in the path integral formulation [14, 15], but in d=2 they can be
also calculated easily by using conformal field theory technique. In [13], we generalized this
CFT method to calculate anomalies for spin 3 and 4 currents constructed from fermions.
In the case of spin 3 current, the corresponding gauge and trace anomalies are given
by
∇µJ
(3)µ
νρ =− FνµJ
(2)µ
ρ − FρµJ
(2)µ
ν −
1
16
∇ν
(
RJ (1)ρ
)
−
1
16
∇ρ
(
RJ (1)ν
)
+
1
16
gνρ∇µ
(
RJ (1)µ
)
+
~
48π
cR − cL
2
(ǫνσ∇
σ∇µF
µ
ρ + ǫρσ∇
σ∇µF
µ
ν − gνρǫασ∇
σ∇µF
µα) , (2.5)
J (3)µµν =
~
12π
cL + cR
2
∇µF
µ
ν . (2.6)
See [13] for the details of the definitions of the spin 3 (and 4) currents, and the derivations
of the anomalies. The first equation is the spin 3 generalization of the covariant form of
gauge (or gravitational) anomaly while the second is that of the trace anomaly. The
r.h.s. of the first equation consists of classical and quantum parts. The classical parts
show that the electric and the gravitational backgrounds are not invariant under gauge
transformations associated with the spin 3 currents. The quantum part is the spin 3
generalization of the gauge anomalies in the electric and gravitational backgrounds.
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For spin 4 current, they are given by
∇µJ (4)µνρσ =FµνJ
(3)µ
ρσ + FµρJ
(3)µ
σν + FµσJ
(3)µ
νρ −
1
8
R
(
∇νJ
(2)
ρσ +∇ρJ
(2)
σν +∇σJ
(2)
νρ
)
−
1
6
(
J (2)νρ ∇σR + J
(2)
ρσ ∇νR + J
(2)
σν ∇ρR
)
−
1
24
(
J (1)ν ∇ρ∇µF
µ
σ + J
(1)
ρ ∇σ∇µF
µ
ν + J
(1)
σ ∇ν∇µF
µ
ρ
+ J (1)ρ ∇ν∇µF
µ
σ + J
(1)
ν ∇σ∇µF
µ
ρ + J
(1)
σ ∇ρ∇µF
µ
ν
)
−
~
960π
cR − cL
2
(
ǫνα∇
α∇ρ∇σR + ǫρα∇
α∇σ∇νR + ǫσα∇
α∇ν∇ρR
)
−
1
4
(
gνρCˆσ + gρσCˆν + gσνCˆρ
)
, (2.7)
J (4)µµνρ = −
~
160π
cL + cR
2
∇ν∇ρR + gνρ
cL + cR
2
[
~
160π
∇2R +
~
24π
(
F˜ 2 −
13
120
R2
)]
(2.8)
where Cˆν is defined as
Cˆν ≡−
1
4
R∇ρJ
(2)ρ
ν −
1
3
J (2)ρν∇ρR−
1
12
(
J (1)ρ∇ρ∇µF
µ
ν + J
(1)
ρ ∇ν∇µF
µρ
)
−
~
960π
cR − cL
2
(ǫνα∇
α∇ρ∇
ρR + 2ǫρα∇
α∇ρ∇νR) . (2.9)
Here we notice that these forms of anomalies are specific to fermions. In the case of
bosons, or fields with different conformal weights, they have different forms.
3 Anomaly method for Hawking radiation
We now apply our results summarized in the previous section to Hawking radiation in
black hole backgrounds. In black hole backgrounds, by using an appropriate harmonic
expansion, one can describe matter fields near the horizon by an infinite set of two-
dimensional fields in the (t, r) section of spacetime. Further since mass and potential
terms are suppressed in the near-horizon region and kinetic terms dominate the action
there, the theory becomes conformal near the horizon [16] and we can employ conformal
field theory techniques. Hence the following analysis of Hawking radiation can be applied
to any dimensional black holes, not restricted to d=2.
In [10], we derived fluxes of the HS currents in a Schwarzschild black hole and showed
that they coincide with the higher moments of the thermal distribution. We there used
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transformation properties of the holomorphic currents under a conformal transformation
which relate quantities near the horizon with those at infinity, and imposed the regularity
condition at the horizon. Further this analysis was extended to charged black holes by
considering gauge transformations in addition to conformal transformations [11]. The
above method can successfully reproduce the thermal radiation with the correct Hawking
temperature, but it will be instructive to obtain the same results by direct applications
of the anomaly equations in the previous section. In this section, we give a direct gener-
alization of the anomaly method [3, 5] to spin 3 and 4 fluxes.
In the paper [3], only the consistent form of the energy-momentum tensor is used,
but in [5], we showed that the boundary condition at the horizon should be imposed for
the covariant current. See the appendix of [6] for why the boundary condition employed
in [3] does not work for the charged black holes. In the following discussions, we adopt
the method using only the covariant currents [17] because the anomaly equations in the
previous section are written in the covariant form and we do not discuss the consistent
currents.
3.1 Spin 3 gauge current
First let us consider the spin 3 current. We divide the region outside the horizon into
near-horizon region H (r ∈ [rH , r+ + ǫ]) and the other region O (r > r+ + ǫ). If we omit
the ingoing modes near the horizon, the currents have the anomalies there. Thus the
covariant current J
(3)µ
(H) νρ
in the near-horizon region satisfies eq. (2.5) with cL = 0, cR = 1.
In the following, we put ~ = 1 for notational simplicity. ~ can be recovered by replacing
(1/π) by (~/π) in the anomaly equations.
Since the expectation value of the current depends only on r in the black hole back-
ground considered here, the ν = ρ = t component of the equation (2.5) becomes
〈∂rJ
(3)r
(H) tt
〉 = −2Ftr〈J
(2)r
(H) t
〉 −
1
8
∇t
(
R〈J
(1)
(H)t
〉
)
+
1
16
gtt∇µ
(
R〈J
(1)µ
(H) 〉
)
+
1
98π
(−2∇r∇µF
µ
t − gttǫασ∇
σ∇µF
µα) . (3.1)
Here 〈J
(1)r
(H) 〉 and 〈J
(2)r
(H) t
〉 are expectation values of the covariant U(1) current and the
covariant EM tensor in the near-horizon region, respectively. They are determined by
solving eqs. (2.1) and (2.3) with cL = 0, cR = 1 and requiring that they vanish at the
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horizon. The results are
〈J
(1)r
(H) 〉 =
1
2π
(At(r)− At(r+)) , (3.2)
〈J
(2)r
(H) t
〉 =
∫ r
r+
dr∂r
[
−
1
2π
At(r+)At(r) +
1
4π
At(r)
2 +
1
96π
(
ff ′′ −
1
2
f ′2
)]
. (3.3)
See [5] and [17] for the details.
Eq. (3.1) can be solved by using the above solutions for spin 1 and 2 currents and im-
posing the vanishing condition at the horizon, 〈J
(3)r
(H) tt
(r+)〉 = 0. This vanishing condition
is imposed for the covariant current, which is required by the regularity of the physical
quantities at the horizon. Now 〈J
(3)r
(H) tt
〉 is obtained as
〈J
(3)r
(H) tt
〉 =
∫ r
r+
dr∂r
[
2c
(2)
O At + c
(1)
O At(r)
2 +
1
16
c
(1)
O (ff
′′ − f ′2) +
1
6π
At(r)
3
−
1
96π
f 2∂2rAt(r) +
1
48π
ff ′∂rAt(r) +
1
32π
(ff ′′ − f ′2)At(r)
]
,(3.4)
where c
(1)
O and c
(2)
O are given by
c
(1)
O = −
1
2π
At(r+) =
Q
2πr+
, (3.5)
c
(2)
O =
1
4π
At(r+)
2 +
1
192π
f ′(r+)
2 =
Q2
4πr+
+
κ2
48π
. (3.6)
They are the the fluxes of the U(1) current and the EM tensor at infinity.
In the outside region, the current J
(3)r
(O) tt
has no anomaly. Then it is given by
〈J
(3)r
(O) tt
〉 = c
(3)
O + 2c
(2)
O At + c
(1)
O At(r)
2 +
1
16
c
(1)
O (ff
′′ − f ′2) +
1
6π
At(r)
3, (3.7)
where the integration constant c
(3)
O gives the value of the flux at infinity. The current is
written as a sum in two regions
J (3)rtt = J
(3)r
(O) tt
Θ+(r) + J
(3)r
(H) tt
H(r), (3.8)
where Θ+(r) = Θ(r−r+−ǫ) and H(r) = 1−Θ+(r) are step functions which are defined in
the region r ≥ r+. Note that this current is a part of the total current because we omitted
the ingoing modes near the horizon. The contribution from the ingoing modes 〈K(3)rtt〉
is determined by imposing the following two conditions: (1) it cancels the anomalous
part in the near-horizon region, (2) there is no ingoing flux from the infinity. The second
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condition is required in the Unruh vacuum. Then we have
〈K(3)rtt〉 = −
[
1
6π
At(r)
3 −
1
96π
f 2∂2rAt(r) +
1
48π
ff ′∂rAt(r)
+
1
32π
(ff ′′ − f ′2)At(r)
]
H(r). (3.9)
Requiring the continuity of the total current at r = r+ + ǫ, which contains both of the
outgoing and ingoing modes, the asymptotic flux of the spin-3 current is obtained as
c
(3)
O = −
κ2
24π
At(r+)−
1
6π
At(r+)
3 =
κ2
24π
Q
r+
+
1
6π
(
Q
r+
)3
. (3.10)
This value coincides with the n = 2 moment of the Hawking fluxes in (B.2).
3.2 Spin 4 gauge current
By using a similar procedure, we can derive the flux of the spin 4 current. The current in
the near-horizon region J
(4)r
(H) ttt
satisfies the anomaly equation (2.7) with cL = 0, cR = 1,
and in the outside region, the current J
(4)r
(O) ttt
satisfies the conservation equation without
the anomalies. By solving these equations with the regularity condition at the horizon,
we have the following results for the expectation values of the currents 〈J
(4)r
(H) ttt
〉 in region
H , 〈J
(4)r
(O) ttt
〉 in region O, and the contribution from the ingoing modes 〈K(4)rttt〉 :
〈J
(4)r
(H) ttt
〉 =
∫ r
r+
dr∂r
[
3c
(3)
O At(r) + 3c
(2)
O At(r)
2 + c
(1)
O At(r)
3 +
1
16
c
(2)
O
(
4ff ′′ − 5f ′2
)
−
1
16π
c
(1)
O
(
f 2∂2rAt(r)− 2ff
′∂rAt(r) +
(
−4ff ′′ + 5f 2
)
At(r)
)
+
1
8π
At(r)
4
−
1
32π
f 2∂2rAt(r)At(r) +
1
16π
ff ′∂rAt(r)At(r) +
1
64π
(
4ff ′′ − 5f ′2
)
At(r)
2
+
1
30720π
(
43f ′4 − 112ff ′2f ′′ + 52f 2f ′′2 + 36f 2f ′f ′′′ − 12f 3f ′′′′
)]
, (3.11)
〈J
(4)r
(O) ttt
〉 = c
(4)
O + 3c
(3)
O At(r) + 3c
(2)
O At(r)
2 + c
(1)
O At(r)
3 +
1
16
c
(2)
O
(
4ff ′′ − 5f ′2
)
−
1
16π
c
(1)
O
(
f 2∂2rAt(r)− 2ff
′∂rAt(r) +
(
−4ff ′′ + 5f 2
)
At(r)
)
, (3.12)
〈K(4)rttt〉 = −
[
1
8π
At(r)
4 −
1
32π
f 2∂2rAt(r)At(r) +
1
16π
ff ′∂rAt(r)At(r)
+
1
64π
(
4ff ′′ − 5f ′2
)
At(r)
2
+
1
30720π
(
43f ′4 − 112ff ′2f ′′ + 52f 2f ′′2 + 36f 2f ′f ′′′ − 12f 3f ′′′′
)]
. (3.13)
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By imposing the continuity of the total current, we have the flux c
(4)
O at infinity
c
(4)
O =
7κ4
1920π
+
κ2
16π
(
Q
r+
)2
+
1
8π
(
Q
r+
)4
. (3.14)
The value of the flux c
(4)
O coincides with the n = 3 moment of the Hawking flux B.2.
We have shown that the values of the anomalies for spin 3 and 4 currents at the horizon
determine the Hawking fluxes at infinity. This derivation is a direct generalization of the
anomaly method [3, 5] to HS fluxes. Finally we notice that since we have used the
anomaly equations for HS currents constructed from fermions, these results are valid only
for fermions. For other fields than fermions with a different conformal weight, the relations
between holomorphic and covariant HS currents in [13] are changed and accordingly so
are the anomaly equations. It is an interesting problem to classify the anomaly equations
and see the universality of Hawking radiation.
4 Christen-Fulling method for HS currents
In this section, we show that we can also obtain the correct Hawking fluxes for the HS
currents by solving the conservation equations and the trace anomalies for cL = cR = 1.
It is a generalization of Christensen and Fulling’s method [12], in which the energy flux
is obtained by solving the conservation of EM tensor and trace anomaly. In the case
of charged black holes, we need to combine to solve the equations for the chiral U(1)
anomaly with the trace anomaly [11].
4.1 Spins up to 4
Now let us solve the conservation equations and trace anomaly equations summarized in
section 2 for cL = cR = 1. In the following we employ the conformal gauge ds
2 = eϕdudv
for the gravitational background and the Lorenz gauge ∇µAµ = 0 for the background
gauge field. In these gauges, the equations are decomposed into holomorphic (i.e. inde-
pendent of v) and anti-holomorphic (indep. of u) components and can be solved as
J (1)u = j
(1)(u) +
1
π
Au, (4.1)
J (2)uu = j
(2)(u) + 2AuJ
(1)
u −
1
π
A2u +
1
24π
(
∂2uϕ−
1
2
(∂uϕ)
2
)
, (4.2)
8
J (3)uuu =j
(3)(u) + 4AuJ
(2)
uu +
1
4
∂uϕ∂uJ
(1)
u +
(
−4A2u +
1
4
(
∂2uϕ− (∂uϕ)
2)) J (1)u
−
1
6π
(
∂2uϕ−
1
2
(∂uϕ)
2
)
Au −
1
12π
∂2uAu +
4
3π
A3u, (4.3)
J (4)uuuu =j
(4)(u) + 6AuJ
(3)
uuu +
3
4
∂uϕ∂uJ
(2)
uu +
[
∂2uϕ−
5
2
(∂uϕ)
2 − 12A2u
]
J (2)uu
−
3
2
Au∂uϕ∂uJ
(1)
u +
[
−
3
2
Au
(
∂2uϕ− (∂uϕ)
2
)
−
1
2
∂2uAu + 8A
3
u
]
J (1)u
+
1
2π
Au
[
∂2uAu +
(
∂2uϕ−
1
2
(∂uϕ)
2
)
Au − 4A
3
u
]
−
1
160π
(
∂4uϕ− ∂uϕ∂
3
uϕ+
4
3
(∂2uϕ)
2 −
7
3
(∂uϕ)
2∂2uϕ+
7
12
(∂uϕ)
4
)
. (4.4)
Here j(n)(u) are arbitrary holomorphic functions, which can be fixed by boundary condi-
tions at the horizon.
First, we consider the flux of the U(1) current 〈J
(1)
u 〉 in the black hole background.
We impose the regularity condition that 〈J
(1)
U 〉 is regular at the horizon U = 0 in the
Kruskal coordinate (A.8). This condition corresponds to taking the Unruh vacuum. The
current J
(1)
u in the (u, v) coordinates and another J
(1)
U in the Kruskal (U, V ) coordinates
are related by
J
(1)
U = −
1
κU
J (1)u . (4.5)
Therefore the regularity condition for 〈J
(1)
U 〉 means 〈J
(1)
u 〉 → 0 at the horizon. Since J
(1)
u
is written as
J (1)u = j
(1)(u) +
e2
π
Au, (4.6)
the condition is equivalent to the following boundary condition for the holomorphic current
j(1)(u),
〈j(1)(u)〉
r→r+
−→ −
e2
π
Au
∣∣∣
r=r+
=
e2Q
2πr+
. (4.7)
Besides, the Reissner-Nordstro¨m black hole solution is static and thus 〈j(1)(u)〉, which is
a holomorphic function of u = t− r∗, should be a constant, namely 〈j
(1)(u)〉 = e2Q/2πr+.
Therefore the flux at infinity is obtained as
〈J (1)u 〉
r→∞
−→ 〈j(1)(u)〉 =
e2Q
2πr+
. (4.8)
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This value is equal to the n = 0 result in (B.2).
Similarly, we can derive fluxes of the higher-spin currents by imposing the regularity
condition that the currents in the Kruskal coordinate are regular at the horizon. Also it
is important that the expectation value of the covariant HS current 〈J
(n)
u···u〉 coincides with
the value of the conformal HS current 〈j(n)(u)〉 at infinity because contributions from the
background fields approach to zero there. The results for the HS currents up to spin 4
are given as follows:
〈J (2)uu 〉
r→∞
−→ 〈j(2)(u)〉 =
κ2
48π
+
1
4π
(
eQ
r+
)2
, (4.9)
〈J (3)uuu〉
r→∞
−→ 〈j(3)(u)〉 =
κ2
24π
eQ
r+
+
1
6π
(
eQ
r+
)3
, (4.10)
〈J (4)uuuu〉
r→∞
−→ 〈j(4)(u)〉 =
7κ4
1920π
+
κ2
16π
(
eQ
r+
)2
+
1
8π
(
eQ
r+
)4
. (4.11)
These values coincide with those in eq. (B.2). We have defined the currents to be totally
symmetric, and their trace anomalies vanish at r → ∞. Hence the fluxes of currents at
infinity are given by J
(n)r
t···t = J
(n)
u···u−J
(n)
v···v. In the Unruh vacuum, the ingoing modes vanish
there and we have J
(n)r
t···t = J
(n)
u···u.
We have now shown that, by solving the conservation equations and the trace anoma-
lies up to spins 4, we can reproduce the correct results of higher-moments of the Hawking
fluxes.
4.2 General higher spins
For spins up to 4, we solved the conservation equations and trace anomalies in section
2 and obtained equations (4.1)-(4.4). There holomorphic functions j(n)(u) have been
introduced in solving the equations in the form of ∂v(· · · ) = 0. They can be determined
by imposing appropriate boundary conditions for the currents. In conformal field theories,
these holomorphic functions j(n)(u) play an important role as generators of conformal
W1+∞ transformations which are HS generalizations of conformal transformations. We
call them holomorphic HS currents. In [13], we have derived a relation between these
holomorphic HS currents and the original covariant HS currents as an identity of their
generating functions. Actually, the gauge and trace anomalies for spin 3 and 4 in section
2 were derived from these relations. In this sense, solving the conservation equations
and trace anomalies is equivalent to the relation between the holomorphic and covariant
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HS currents. In this subsection, we use the relation to derive all the higher moments of
Hawking fluxes.
We first summarize the relation. See [13] for details. A generating function of the
holomorphic HS currents is defined as
Ghol(u+ α, u− α) ≡
∞∑
n=0
(2iα)n
n!
j(n+1)(u) = Ψ†(u+ α)Ψ(u− α) +
i
4πα
. (4.12)
Here Ψ(u) is a holomorphic fermion field, which is a holomorphic function of u in the
electric and gravitational background and related to the original fermion field ψ(u, v).
Each HS current should be regularized appropriately and (4.12) should be considered as
a formal power series of α.
By using the definition of the holomorphic fermion field Ψ(u), this generating function
can be written as
Ghol(u+ α, u− α) = e
1
2
(ϕ(u+α)+ϕ(u−α))−2i(η(u+α)−η(u−α))
×
[
e−
1
4
(ϕ(u+α)+ϕ(u−α))+i(η(u+α)−η(u−α))ψ†(u+ α, v)ψ(u− α, v)
+
i~
2π
1
x(u+ α)− x(u− α)
]
−
i~
2π
e
1
2
(ϕ(u+α)+ϕ(u−α))−2i(η(u+α)−η(u−α))
x(u+ α)− x(u− α)
+
i~
4πα
. (4.13)
Here we formally introduced a new coordinate x which satisfy ∂x = e
−ϕ(u,v)∂u and regard x
as a function of u (i.e., v is kept fixed). ϕ(u, v) is the conformal factor of the gravitational
background and η(u, v) represents the electric background in the Lorentz gauge, Au =
∂uη(u, v). The first term in (4.13) with a bracket [· · · ] can be written in terms of the
regularized covariant HS currents and their derivatives. The second and third terms give
quantum corrections. By expanding the r.h.s. of (4.13) with respect to the parameter α,
we can obtain the equations relating the holomorphic HS currents with the sum of the
covariant HS currents and quantum corrections:
∞∑
n=0
(2iα)n
n!
(
J (n+1)u···u +
n−1∑
m,k=0
C
(n+1)
mk (ϕ,Au)∂
k
uJ
(m+1)
u···u + ~D
(n+1)(ϕ,Au)
)
(4.14)
where Cmk(ϕ,Au) and D
(n+1)(ϕ,Au) are functions of ϕ and Au which vanish at infinity.
By comparing the coefficients of αn up to n = 3, we get the equations in (4.1)-(4.4). Hence
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the above relation contains the full information of the anomalies. We use it to evaluate
the fluxes of the HS currents than spin 4.
Let us calculate the Hawking fluxes. First we evaluate the expectation value of (4.13)
in the near horizon region. We impose the regularity condition for the covariant currents
at the horizon; J
(n)
u···u → 0. Then the first term in the r.h.s. of (4.13) becomes 0. Thus we
need to evaluate the last two terms, which are proportional to ~.
In order to evaluate these quantum contributions, we first note that ∂u = −f∂r/2 and
f → 0 near the horizon (see the appendix A). Then we have, near the horizon u → ∞,
η(u+ α)− η(u− α) → 2α∂uη = 2αAu(r+) = −αQ/r+. Higher derivatives ∂
n
uη for n > 1
vanish at the horizon. Because of the same reason, we have ϕ(u+α)+ϕ(u−α)→ 2ϕ(u)
and
x(u+ α)− x(u − α) = 2
∞∑
n=0
α2n+1
(2n+ 1)!
∂2n+1u x
→ 2
∞∑
n=0
α2n+1
(2n+ 1)!
(∂uϕ)
2neϕ = 2
eϕ
κ
sinh(ακ) (4.15)
where κ is the surface gravity at the horizon; ∂uϕ(u) = ∂u log f → −κ. As a result, we
obtain
〈Ghol(u+ α, u− α)〉 =
∞∑
n=0
(2iα)n
n!
〈
j(n+1)(u)
〉
→ −
i~
4πα
ακe
− 2iαQ
r+
sinh(ακ)
+
i~
4πα
. (4.16)
By expanding this equation with respect α and comparing their coefficients, we can obtain
the expectation value
〈
j(n)(u)
〉
which are equal to the value of the covariant current〈
J
(n)
u···u
〉
at infinity. We can show that these values of the fluxes coincide with (B.2).
Besides, as is pointed out in [10, 11], this generating function is the regular part of the
fermion Green function, and (4.16) is interpreted as the temperature-dependent part of
the thermal Green function with chemical potential. It means that the thermal excitation
of the fields are introduced through the quantum effect.
By this analysis, we can also see, which was implicitly used in [10, 11], that the fluxes
of the covariant HS currents corresponding to the physical quantities are equal to those of
the holomorphic currents at infinity, since both values of ϕ and Au asymptotically decay
to zero.
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5 Summary
In this paper, by using the higher-spin (HS) generalizations of the gauge and trace anomaly
equations, we reproduced the HS fluxes of Hawking radiation.
We first used the anomaly equations for spin 3 and 4 currents to derive the Hawking
fluxes and reproduced the correct values. This is a direct HS generalization of the gauge
and gravitational anomaly method by Robinson and Wilczek [3] and by some of us [5].
We then solved the conservation equations and trace anomalies for the HS currents.
This again reproduces the correct values of Hawking fluxes for spin 3 and 4. This is
now considered as a HS generalization of the method by Christensen and Fulling [12].
We further employed the generating function of the general HS currents and derived the
complete Fermi-Dirac distribution.
Finally we should notice the following. The anomaly equations we have used are
constructed from the fermion currents, and they are modified for other fields with different
conformal weights. This gives a different value of HS fluxes of Hawking radiation for
bosons.
A Reissner-Nordstro¨m black hole
We summarize the basics of Reissner-Nordstro¨m black holes. The metric and the gauge
potential of Reissner-Nordstro¨m black holes with mass M and charge Q are given by
ds2 = f(r)dt2 −
1
f(r)
dr2 − r2dΩ22, (A.1)
At = −
Q
r
, (A.2)
where
f(r) = 1−
2M
r
+
Q2
r2
=
(r − r+)(r − r−)
r2
(A.3)
and the radius of outer (inner) horizon r± is given by
r± =M ±
√
M2 −Q2. (A.4)
It is useful to define the tortoise coordinate by solving dr∗ = dr/f as
r∗ = r +
1
2κ+
ln
|r − r+|
r+
+
1
2κ−
ln
|r − r−|
r−
. (A.5)
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Here the surface gravity at r± is given by
κ± =
1
2
f ′(r±) =
r± − r∓
2r2±
. (A.6)
In the following we consider a region near the outer horizon. First we define the light-cone
coordinates, u = t − r∗ and v = t + r∗. u(v) are the outgoing (ingoing) coordinates and
the metric in these coordinates becomes as
ds2 = f(dt2 − dr2∗)− r
2dΩ2 = fdudv − r2dΩ2. (A.7)
In order to investigate the physics near the outer horizon, since (u, v) coordinate is still
singular at the horizon, it is important to introduce a regular coordinate, Kruskal coor-
dinate, defined by the transformations
U = −e−κ+u, V = eκ+v. (A.8)
The metric becomes
ds2 =
r+r−
κ2+
1
r2
e−2κ+r
(
r−
r − r−
)κ+
κ
−
−1
dUdV − r2dΩ2. (A.9)
If we restrict to see the two-dimensional (r, t) section, both of these coordinates (A.7),
(A.9) have the forms of the conformal gauge
ds2 = eϕ(u,v)dudv = eϕ
′(U,V )dUdV. (A.10)
The transformation (A.8) is a conformal transformation from an asymptotically flat co-
ordinate to a regular coordinate near the horizon.
In the bulk of the paper we omit the subscript + of the surface gravity κ+ at the outer
horizon because κ− does not appear in our analysis.
B Higher moments of Hawking fluxes
In this appendix, we calculate the higher-spin fluxes of the Fermi-Dirac distribution with
Hawking temperature and the chemical potential. We first note that two-dimensional
effective theories near the horizon in various black holes have the same form as that
in charged black holes. It is thus enough to consider Hawking fluxes in the Reissner-
Nordstro¨m black hole. Some basic facts of the Reissner-Nordstro¨m black hole are sum-
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marized in the appendix A. Thermal radiation of fermions with charge q from Reissner-
Nordstro¨m black hole satisfies the Fermi-Dirac distribution Nq(ω) with a chemical poten-
tial corresponding to the value of the electric potential at the horizon,
Nq(ω) =
1
e
β(ω− qQ
r+
)
+ 1
. (B.1)
Here β = 2pi
κ
is the inverse temperature. From this distribution function, we can evaluate
the thermal fluxes of higher-spin currents at infinity as∫ ∞
0
dω
2π
[ωnNe(w)− (−ω)
nN−e(w)]
=
⌈n
2
⌉∑
m=1
(
eQ
r+
)n+1−2m
n! (1− 21−2m)Bmκ
2m
2π(2m)!(n− 2m+ 1)!
+
1
2π(n+ 1)
(
eQ
r+
)n+1
. (B.2)
Here Bm is the Bernoulli number (B1 = 1/6, B2 = 1/30) and ⌈x⌉ is the ceiling function,
which returns the smallest integer not less than x. This integral is the n-th moment of the
thermal flux containing contributions from the fermion with charge e and its antiparticle
with charge −e.
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